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Let G be a ﬁnite p-group of order pn , Green proved that M(G),
its Schur multiplier is of order at most p
1
2 n(n−1) . Later Berkovich
showed that the equality holds if and only if G is elementary
abelian of order pn . In the present paper, we prove that if G is a
non-abelian p-group of order pn with derived subgroup of order
pk , then |M(G)|  p 12 (n+k−2)(n−k−1)+1. In particular, |M(G)| 
p
1
2 (n−1)(n−2)+1, and the equality holds in this last bound if and only
if G = H × Z , where H is extra special of order p3 and exponent p,
and Z is an elementary abelian p-group.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The multiplier M(G) was born in Schur’s works [8] on projective representation of a group in
1904. The articles of Jones [4–6] Wiegold [10] and books by Beyl, Tappe [2] and Karpilovsky [7] have
shown some spacious results on it.
Let G be a p-group of order pn , Green [3] gave an upper bound p
1
2n(n−1) for its Schur multiplier.
Also, Berkovich [1] proved that the equality holds if and only if G is an elementary abelian p-group
of order pn .
The Schur multiplier of abelian groups may be calculated easily by a result [9] which was obtained
by Schur. So in this paper, we focus on non-abelian p-groups.
This paper is devoted to the derivation of certain upper bound for the Schur multiplier of
non-abelian p-groups of order pn with derived subgroup of order pk . We prove that |M(G)| 
p
1
2 (n+k−2)(n−k−1)+1. In particular, if |M(G)| = p 12 (n−1)(n−2)+1, we characterize the structure of G .
If G is a p-group of order pn , Jones [4] proved that |M(G)||G ′|  p 12n(n−1) which shows that
|M(G)|  p 12n(n−1)−1 when G is a non-abelian p-group of order pn . So, the general bound given
above is better than Jones’s bound unless |G| = p3, in which case the two bounds are the same.
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∣∣M(G)∣∣ p 12 (n+k−2)(n−k−1)+1.
In particular,
∣∣M(G)∣∣ p 12 (n−1)(n−2)+1,
and the equality holds in this last bound if and only if G = H × Z , where H is an extra special p-group of order
p3 and exponent p, and Z is an elementary abelian p-group.
At ﬁrst we list the following theorems, which are used in our proofs.
Theorem 1.1. (See [5, Theorem 3.1 and Theorem 4.1].) Let G be a ﬁnite p-group and let N be a central subgroup
of G. Then
∣∣M(G/N)∣∣ ∣∣M(G)∣∣|G ′ ∩ N| ∣∣M(G/N)∣∣∣∣M(N)∣∣|G/N ⊗ N|.
Theorem 1.2. (See [7, Theorem 3.3.6].) Let G be an extra special p-group of order p2m+1 . Then:
(i) If m 2, then |M(G)| = p2m2−m−1 .
(ii) If m = 1, then |M(G)| p2 , and the equality holds if and only if G is of exponent p.
Theorem 1.3. (See [7, Theorem 2.2.10].) For every ﬁnite groups H and K , we have
M(H × K ) ∼=M(H) ×M(K ) × H
H ′
⊗ K
K ′
.
Corollary 1.4. If G ∼= Cm1 × · · · × Cmk , where mi+1 divides mi for all i, 1 i  k, then
M(G) ∼= Cm2 × C (2)m3 × · · · × C (k−1)mk .
2. Proof of the Main Theorem
In this section we want to prove our result. The following technical lemmas shorten the proof of
our Main Theorem.
Lemma 2.1. Let G be a ﬁnite p-group of order pn such that G/G ′ is elementary of order pn−1 , then G is a
central product of an extra special p-group H and Z(G), such that H ∩ Z(G) = G ′ .
Proof. Let H/G ′ be the complement of Z(G)/G ′ in G/G ′ . Then G = H Z(G), so G ′ = H ′ and Z(H) =
Z(G) ∩ H . On the other hand, 1 = Z(G) ∩ H  G ′ , and the result follows. 
Lemma 2.2. Let G be an abelian p-group of order pn which is not elementary abelian. Then |M(G)| 
p
1
2 (n−1)(n−2) .
Proof. The result is obtained obviously if G is cyclic. So, let G ∼= Cpm1 × Cpm2 × · · · × Cpmk such that∑k
i=1mi = n and m1 m2  · · ·mk . We know that m1  2, and then, by using Corollary 1.4,
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 p(m2+m3+···+mk)+(m3+···+mk)+···+mk
 p 12 (n−1)(n−2). 
Lemma 2.3. Let G be a non-abelian p-group of order pn with derived subgroup of order p such that G/G ′ is
not elementary abelian, then |M(G)| < p 12 (n−1)(n−2)+1 .
Proof. By using Theorem 1.1 and Lemma 2.2,
∣∣M(G)∣∣ p−1
∣∣∣∣M
(
G
G ′
)∣∣∣∣
∣∣∣∣ GG ′ ⊗ G ′
∣∣∣∣
 p−1p 12 (n−2)(n−3)p(n−1)
< p
1
2 (n−1)(n−2)+1,
which completes the proof. 
Lemma 2.4. Let G be a non-abelian p-group of order pn, such that G/G ′ is elementary abelian of order pn−1 ,
then |M(G)| p 12 (n−1)(n−2)+1 and the equality holds if and only if G = H × Z , where H is an extra special
p-group of order p3 and exponent p, and Z is an elementary abelian p-group.
Proof. By Lemma 2.1, G is a central product of H and Z(G), and by Theorem 1.2, we may assume
that |Z(G)| p2. Let |H| = p2m+1, so |Z(G)| = pn−2m .
Suppose ﬁrst that m 2. If Z(G) is elementary abelian, let T be a group such that Z(G) ∼= G ′ × T .
By using Theorems 1.2 and 1.3, we have
∣∣M(G)∣∣= ∣∣M(H × T )∣∣
= ∣∣M(H)∣∣∣∣M(T )∣∣
∣∣∣∣ HH ′ ⊗ T
∣∣∣∣
= p2m2−m−1p (n−2m−1)(n−2m−2)2 p2m(n−2m−1)
= p 12 (n2−3n)
< p
1
2 (n−1)(n−2)+1.
Now assume that Z(G) is not elementary abelian. Then, Theorems 1.1 and 1.3 imply that
∣∣M(G)∣∣ p∣∣M(H × Z(G))∣∣= p∣∣M(H)∣∣∣∣M(Z(G))∣∣
∣∣∣∣ HH ′ ⊗ Z(G)
∣∣∣∣.
Hence by using Theorem 1.2 and Lemma 2.2, we have
∣∣M(G)∣∣ pp2m2−m−1p 12 (n−2m−1)(n−2m−2)p2m(n−2m−1)
< p
1
2 (n−1)(n−2)+1.
If H is extra special of order p3 and Z(G) is not elementary abelian, then Theorem 1.1 implies that
4482 P. Niroomand / Journal of Algebra 322 (2009) 4479–4482∣∣M(G)∣∣ p−1
∣∣∣∣M
(
G
Z(G)
)∣∣∣∣∣∣M(Z(G))∣∣
∣∣∣∣ GZ(G) ⊗ Z(G)
∣∣∣∣
 p 12n(n−3)+1
< p
1
2 (n−1)(n−2)+1.
By Theorem 1.2, it is easy to see that if Z(G) is elementary abelian, then |M(G)| = p 12 (n−1)(n−2)+1 if
H is extra special of order p3 and exponent p; and in other cases |M(G)| < p 12 (n−1)(n−2)+1. 
Proof of the Main Theorem. We prove the theorem by induction on k. If k = 1 the result is obtained
by Lemmas 2.3 and 2.4. Let G be a non-abelian p-group of order pn with derived subgroup of order pk
(k 2). Choose K in G ′ ∩ Z(G) of order p. By using induction hypothesis, we have
∣∣∣∣M
(
G
K
)∣∣∣∣ p 12 (n+k−4)(n−k−1)+1.
On the other hand, Theorem 1.1, implies that
∣∣M(G)∣∣ p−1
∣∣∣∣M
(
G
K
)∣∣∣∣∣∣M(K )∣∣
∣∣∣∣
(
G
G ′
⊗ K
)∣∣∣∣
 p 12 (n+k−4)(n−k−1)pn−k
= p 12 (n+k−2)(n−k−1)+1.
Now let G be a p-group of order pn such that |M(G)| = p 12 (n−1)(n−2)+1. If |G ′| p2, then |M(G)|
p
1
2 (n−1)(n−2) , which is a contradiction.
Since |G ′| = p, Lemma 2.3 implies that G/G ′ is elementary abelian. Hence Lemma 2.4 shows that
G = H × Z , where H is an extra special p-group of order p3 and exponent p, and Z is an elementary
abelian p-group, so the result follows. 
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